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Central and Noncentral Normal Impact
on Orthotropic Composite Cylindrical Shells

S. W. Gong,* V. P. W. Shim," and S. L. Toh'
National University of Singapore, 119260 Singapore

The response of orthotropic composite cylindrical shells subjected to low-velocity impact by a solid striker is
described. An analytical solution that accommodates normal impact at any location is presented. This solution is
based on a higher order shear deformation theory and derived in terms of two sets of shell coordinates and an
integer factor to facilitate analysis of noncentral impact. An analytic impact force function recently proposed by
the authors is used to predict the contact force between striker and shell and this is incorporated into the solution.
Impact experiments are also conducted on a simply supported glass/epoxy cylindrical shell. The effective contact
stiffness between the shell and striker is obtained by fitting an impact force function to experimental data. The
strain responses of the shell to central and noncentral impact are investigated and the present solutions verified by

the experiments.

Nomenclature
Ajj, Bij, D;j, = laminate stiffness constants defined in Eq. (A2)
E;;, Fij, Hj

F = impact force

K, = equivalent stiffness of a simply supported shell

K, = contact stiffhess

Kj = effective contact stiffness

LR, h = length, radius, and thickness of a cylindrical
shell

m, = mass of shell

mj = effective mass of shell

mo = impact mass

ng) = transformed stiffness constants in a shell
coordinate system

T = contact duration

t = time

u, v, w = displacements along the x, 6, and z axes

1 = impact velocity

X,0,Z = absolute orthogonal curvilinear coordinates for
cylindrical shell

x,0,z = relative orthogonal curvilinear coordinates for
cylindrical shell

B, B2 = bending slopes in the o;—¢ and a,—¢ planes

& = strain components

WO = frequency of mode mn

£* = integer factor defined in Eq. (7)

1. Introduction

ITH the increased use of fibrous composites in aerospace

applications, the subject of impact on composite struc-
tures has received widespread attention in recent years. Sun and
Chattopadhyay' and Dobyns? used the first-order shear deforma-
tion theory (FSDT) developed by Whitney and Pagano® to analyze
a simply supported, specially orthotropic plate subjected to central
point impact. Ramkumar and Thakar* employed Donnell’s equa-
tions based on classical shell theory (CST) to study cylindrical thin
shells and presented the low-velocity impact response of cylindri-
cal laminated shells of large radii. They assumed that impact force
varies linearly with time and followed Sun and Chattopadhyay’s
and Dobyns’ procedure to determine the response."? Christoforou
and Swanson® used the FSDT developed by Bert and Birman® for
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cylindrical shells to examine simply supported orthotropic cylin-
drical shells subjected to impact and presented an analytic solution
to the problem. In their solution, the deceleration of the impacting
mass was used to estimate the impact force, and local contact defor-
mation between the striker and shell during impact was neglected.
Validity of their solution was confined to response during contact
between the impactor and shell. Gong et al.” adopted Christoforou
and Swanson’s procedure and undertook an analysis of laminated
open cylindrical shells under impact loading. In their analysis, con-
tact deformation was considered and an analytic function to describe
it was proposed and incorporated into the analysis. Recently, Gong
et al.® presented a set of solutions for prediction of the displace-
ment and stress responses of composite laminated shells subjected
to low-velocity impact. These solutions are based on a higher order
shear deformation theory (HSDT) and are applicable to laminated
composites in the form of flat plates, cylindrical shells, and spheri-
cal shells subjected to impact. The solutions also facilitate study of
the dynamic response of shells excited by impact for a total time
history (0 < t < +00).

However, all of the preceding studies listed are restricted to com-
posite plates or shells subjected to impact at their center. The prob-
lem of composite shells subjected to noncentral impact appears not
to have been addressed. This work presents an analysis that accom-
modates noncentral impact on shells. Solutions are derived in terms
of two sets of shell coordinates—(x, €, z) and (X, ®, Z), as shown
in Fig. 1—and an integer factor defined in Eq. (7). The HSDT de-
veloped by Reddy and Liu® is employed in this analysis. Present
solutions were verified by impact experiments on a simply sup-
ported glass/epoxy. ogival shell and are suitable for the study of
the transient dynamic response of composite laminated cylindrical
shells impacted by a solid striker at any location.

II. Solution for Cylindrical Shells

Subjected to Impact

Consider the closed composite cylindrical shell in Fig. 1 impacted
at an arbitrary location by a solid striker. The shell has a mean radius
R, length L, and thickness 4 and is simply supported at its two ends.
Two coordinate systems, (x, 8, z) and (X, ®, Z), are employed to
describe the impacted shell, with the sign convention for displace-
ments and stresses depicted in Fig. 1. The impact point is a distance
L, (L, < L/2) from one end of the cylinder and L, = L — L,
(Fig. 1). The relationship between the two coordinate systems is

X=x+[L/2-L) ©=6 Z=z ()

The equations of motion developed by Reddy and Liu? for a shell

subjected to a distributed transverse load g, can be expressed in

terms of deflections and rotations'”:

[Lijl{w, v.w, Br, B2} = 10,0, (ohth — ¢,); 0,0/ (2)
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Fig. 1 Shell geometry, coordinate systems used, and sign convention
for displacements and stresses.

where [] and {} represent matrices and vectors, respectively, and
the differential operators L;; are given in the Appendix.

Navier solutions are employed to solve Eq. (2); these solutions
are restricted to crossply laminated shells because they exist if the
following stiffnesses are zero®:

Ai¢ = Bis = Dijg = Ej¢ = Fijs¢ = Hc =0 (i=12)
Ags = Dys = Fas =0 Ags = Dys = Fi5 =0 ©)]
The simply supported boundary conditions are
v(Ly,60) = w(L,,0) = Ny(L,,0) = M\(Ly,6)
= P(L1,0) = py(L;,0) =0 (4a)
U(—L, 8) = w(—Ly,0) = Ni(—L,, 6)
=Mi(=Ly,0) = Pi(—L2,0) = fe(—12,0) =0 (4b)

For a given distributed dynamic load g,(x, 0, ¢), solutions to
Eq. (2) that satisfy the boundary conditions (4a) and (4b) can be
separated into functions of time and position as follows:

x X T X
w(x,8,t) = Z Z Wonn (t)cos mSL X cosnd (5a)

m=1n=1

u@ 8,0= > Up,(t)sin mEAX osnd (Sb)

L
m=1n=1
* = mE*Tx

u(x, 6, 1) :ZZ\/,,,,,(t)cos EL sinné (5¢)

m=In=1

Bi(xr 0. = Y X (0)sin mim cosné  (5d)

m=1n=1

B, 0.0)= D > Vu(t)cos mSL” sinnd (5e)

m=1n=1

wherem =1,3,5,...,andn=1,3,5,....
The load g, (x, 0, t) is expressed as

G 6,0 =3 > Qua(0)cos mg;’” cosnd  (6)

m=ln=]
In Egs. (5a-5¢) and (6), £* is an integer factor defined by
£ =[L/2L\T )

where [ ]* represents a function that assumes the value of the inte-
ger closest to L/2L,. This function is used in the Navier solutions
(5a-5e) to satisfy the boundary conditions (4a) and (4b). Note from
Eq. (7) thatfor L, = L/2i

L;=L/2¢" (8a)
21
L, = 2 (8b)
and for Ly # L/2i
Ly~ L/2¢" (8¢)
28 —1
Ly = —2§* L (8d)

wherei = 1,2,3,....

With respect to Eqs. (8a—8d), the solutions (5a-5¢) satisfy the
boundary conditions (4a) and (4b) exactly for L, = L/2i (i =
1,2,3,...), whereas they satisfy the boundary conditions only ap-
proximately for L, # L/2i.

For an impact force F(r) at the pointx = 9 = 0, Q,,,(¢) is given
by 0

2F(t)

mnt ~
Qmn (1) ~

®

wherem =1,3,5,...,andn=1,3,5,....
Substitution of Eqgs. (5a—5¢) and (6) into Eq. (2) and neglecting
in-surface and rotary inertia yield the following equations:

[Tij]{Umny an7 Wmnv Xnm) Ymn}T

= {0, 0, [PAW,un (£) — Qn(D)1, 0,0} (10)

where T;; are the constant coefficients listed in the Appendix.
Equation (10) can be reduced to a single linear second-order dif-
ferential equation:

- Qn (1)
Won (1) + @}, Win (1) = == (n
ph
where
2 l (12)
W, = —
mn Kmn ph
and
Ky = Ty3/det T (13)
where T3 is the cofactor of element Ty in det 7.
Also, from Eq. (10), the following transformations yield
Umn(t) = Kqun(t) an(t) = Kvan(t)
(14)
XWIH (l) = KX W"ﬂ (t) Ymn (t) = Kv Wﬂ"? (t)
where the coefficients K, K, K, and K, are given by
K,=T5/Txy Ky = Ty/Ts
o o (15)
K. =T34/Tx Ky =Ts5/T3

and T,, are cofactors of the element 7;; in det T.
For zero initial displacement and velocity of the shell, the solution
to Eq. (11) is

1

W"” t =
() wmnph

/ an (T)Sin[wmn (t - .C)] dr (16)
0

Substituting Eq. (9) into Eq. (106) results in

Wonn (t) - / F(t)[Sin a)mn(t - T)] dr (17)

WmnMy Jy
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The impact force function’

K;lai(c; — Dsin(wt)
+ ay(cy, — D)sin(wst)]

0 t>T

F(t) = O0<t<T (18)

is substituted into Eq. (17) and integrated to yield

4K 1 ai(c; — 1 . .
W (1) = 2 2( )(w15m Wynt — OppSin w11)
WDmunt | C()] - wrznn
az(cy —1 . .
L2———)—((1)2sma),,1,,z‘ — wpaSinwyt) | 0 <t < T (19a)
2 2
w; — Wy,
4K¥ lai(c;—1)
2 .
Wi () = —= —ﬁ[w,sm WDmnt
Win M wl — Wy

—wicosw T 8iN Wyt — T) — WpnSin 1 T COS Wy (t — T')]

-1 )
£liz(fz——)[cuzsin Wmnt — @208 W T SIN Wy, (t — T)
wZ - wlznn
— Wy SIN W, T COS Wiy (2 — T)]} t>T (19b)
where
1/K,+K K*
2 _ 2 2 4 B2
i 2( m m)
LKk K, RS
4 m} my mymy
Kr K}
6= Tiz“* €= *_22_
K5 —wimy K} — wimy 20)
1% _ Vv
~ wi(e —c)) T waler — )

Use of Egs. (5a~5e) with the equations for strains in terms of
deflections and rotations from Ref. 9, in conjunction with Egs. (1)
and (14), results in expressions for the strains generated by impact
in the (X, ©, Z) coordinate system:

I 473 méE*mw \ [mé*n
8]:E>I§71|:K”+ZKX—§}TZ_ K, — 7 2
* L
><Wmn(z)cos{mE i [X— (——L1>]}cosn® Cla)
L 2
2= 1 473 n
&y = E E |:KU+;+ZKV—W(KV—E>:'

m=I1ln=1
. L
mi” [x - <E - Ll)“cosn@) 21b)

£3=0 @lc)

n
x E Woan (2)COS

xW,,,,,(t)sin{ mi*” [X - (g - L|>] }cosn@) @1d)

X Wi (t)cos{ mi*” [X - (% - L1>] }sin n® @1e)

e mé&*n n mé*mw n
g=» Y |- Ko = K — o =Ky + 2K,

m=1n=1

473 (me*w n mE* T n
—| ——K,+ =K, -2 —
+3112< L T RY L R

XWm,,(t)sin{ mi*” I:X _ <§ - L1>] }sinn@ @16

III. Impact Experiments

Impact experiments were conducted on a [0g] glass/epoxy cylin-
drical shell with a mean radius of 0.108 m, a length of 0.28 m,
and a thickness of 2.3 mm. The shell was fabricated using filament
winding, and its mechanical properties were measured according to
the American Society for Testing and Materials standard D3039-
76'!; the values obtained are E; = 14.51 GPa, E, = 5.36 GPa,
G2 = 2.51 GPa, vi; = 0.231, and p = 1901.5 kg/m?.

Figure 2 shows a schematic diagram of the experimental arrange-
ment. A pendulum impact device was designed to allow a striker
to impact shell specimens at specified velocities. The impact force
was measured by a force transducer attached to a removable steel
block at the tip of the pendulum rod. This block could be changed to
vary the impacting mass. The transducer had a removable cap that
made direct contact with the target during impact and this could be
changed to alter the contact stiffness. Strains induced in the cylin-
drical shell were obtained from two-axis rosette gauges bonded on
its inner surface. Gauges were mounted at points A’, B’, C’, D’, and
E’ (behind points A, B, C, D, and E) as shown in Fig. 3. The 1
and 2 directions of the gauges coincide, respectively, with the axial
and circumferential directions of the cylindrical shell, and signals
from the gauges were amplified by a dynamic strain meter. Both
amplified force and strain outputs were captured on a digital stor-
age oscilloscope and the data transferred to a personal computer for
subsequent processing and analysis.

The effective contact stiffness between the striker and shell was
determined by fitting the impact force function (18) into experimen-

TML GFCA-3-50
sirain glugc\ T
2

PCB 208A03 PCB 480D0% Yokogawa
/IF transd .
g iad maid Power uint DI 1200A
Oscilloscope
GFCA-3-50
/ Strain gauge
R:I‘:::ble / TML DC-92D Personal
Dynamic Strainmeter Computer

Transducer
cap

Fig. 2 Schematic diagram of impact testing arrangement.
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Point A B' c D' E
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Z -h2 W2 -h/2 W2 -W2
(mm)

Fig. 3 Locations of impact points and strain gauges.
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tal contact force~time data. The center of the shell (point A inFig. 3)
was struck by a mass of 0.075 kg at an impact velocity of 1 m/s.
Contact force during impact was captured by the force transducer
attached to the striker. Except for the effective contact stiffness K3,
the other parameters in the impact force function (18) are known;
m? is determined from m; = ph f\ W2(x, 0)dS'°, in which dS
is the differential surface area of the shell, whereas S is the total
area, and W (x, 9) is a function of position that defines the shape of
the natural mode of shell vibration. The term K is determined from
K| = w};m?}, andm, and V are the impact mass and impact velocity
of the striker. A trial stiffness (K3),; is assumed for an initial cal-
culation of the impact force. By comparing calculated values of the
maximum impact force Fy and contact duration T with those from
impact tests, (K3);; is adjusted to a second trial value (KJ);; and
substituted into the impact force function (18) again. This process
of comparison and modification is repeated until the difference be-
tween calculated and experimental values of the maximum impact
force Fnay and contact duration 7 fall within 5%; i.e., the effective
contact stiffness is then

K3 = (K3), 22)

A value of 235 kN/m was obtained for K. Since earlier studies'? on
impact of spheres have shown that contact stiffness is governed by
their material properties (Young’s modulus) and radii, estimation of
contact stiffness by central impact is sufficiently representative for
impact at other Jocations.

IV. Analysis of Dynamic Strain Response

Strain responses of a simply supported {Og] glass/epoxy cylin-
drical shell subjected to central and noncentral impact were investi-
gated. A 0.075-kg impact mass and an impact velocity of 1 m/s were
used. Transient strain responses excited by impact were measured
using the experimental setup shown in Fig. 2 and compared with
calculations based on Eqgs. (21a-21f). In the present study, strains
are represented by &;;i, where the first subscript denotes the direc-
tion of strain, the second the location of the gauge, and the third the
impact location.

A. Strain Response to Central Impact

A simply supported glass/epoxy composite cylinder was first sub-
jected to impact at its center (point A in Fig. 3). The calculated and
measured contact forces between the cylinder and striker are illus-
trated in Fig. 4. A comparison between calculated and measured
values shows that the calculated contact duration and peak force
differ from measured values by 5% at most; also, the calculated
force—time curve matches the measured one reasonably well. This
verifies that the impact force function (18) can be used to predict
contact force between a striker and shell during impact.

Figures 5-7 show calculated and measured strain histories at
points A’, B/, and E’' (Fig. 3). It is observed that, in general, the
calculated and measured results agree. The strain histories at point
A’ (behind the impact point) shown in Fig. 5 are examined in re-
lation to the contact force (Fig. 4); the contact duration T is about
1.8 ms, and the peak force occurs at approximately ¢ = T/2. Dur-
ing contact (0 < ¢ < T), longitudinal and circumferential strains
vary proportionately with contact force, increasing during loading
(0 < t < T/2) and decreasing thereafter (T/2 < ¢t < T). Maxi-
mum values occur at t = T/2, when the contact force reaches its
peak. This indicates that during contact (0 < ¢ < T') strain magni-
tudes are essentially governed by the contact force. After separation
of the striker from the shell, the strains decay rapidly as the shell un-
dergoes free vibration. The largest longitudinal strain induced after
loss of contact (¢t > T) is about one-sixth the maximum value dur-
ing contact, whereas the largest circumferential strain following loss
of contact is only about one-ninth the maximum value during con-
tact. Hence, the maximum strains generated occur during contact.
This result shows that the contact force history and its relation to
strain magnitudes should be monitored to determine the occurrence
of maximum strains in an impacted shell.

The strain responses at points B’ and E’ (in the vicinity of the im-
pact point) are shown in Figs. 6 and 7. These strain responses exhibit
behavior similar to the strain response at point A’ (behind the impact
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Fig. 6 Longitudinal strain at point B’ (X = 30,© =0,Z = —h/2) for
impact on point A(X = 0,0 = 0,Z = h/2): ——— , experiment and —,
theory.

point). The strain magnitudes also increase during loading and de-
crease as the shell is unloaded, with maximum values occurring at
t ~ T/2. This indicates that strains around the impact point are
also governed by the contact force. Figures 6 and 7 show that the
maximum strain induced during impact decreases sharply with dis-
tance from the point of impact. The maximum longitudinal strain at
point B’ (30 mm from A’) is only 47% of the maximum longitudinal
strain at point A’, whereas the maximum circumferential strain at
point E’ reduces to 36% of the maximum circumferential strain at
point A’. It is therefore evident that maximum normal strains occur
at the impact point.
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B. Strain Response to Noncentral Impact

Strain responses excited by noncentral impact were also investi-
gated. This was done by impacting points A, B, C, and D individually
(Fig. 3) witha common velocity. The corresponding strain responses
at A’, B/, C’, and D’ behind points A, B, C, and D were measured.
Figures 5 and 8-10 illustrate the resultant respective longitudinal
and circumferential strain responses. The calculated results show
good agreement with measurements for all cases, thus verifying
that the present solutions for noncentral impact are valid. Figures 5
and 8—10 show that the strain responses at points A’, B’, C', and D’
induced by impact on points A, B, C, and D exhibit similar behavior;
the strains increase during loading, decrease thereafter, and reach a
peak approximately midway through the contact duration.

Let £}, and &4, represent, respectively, the maximum longitudinal
and circumferential strains during impact (0 < ¢ < T). The varia-
tion of these maximum strains with impact location X is illustrated
in Fig. 11. It is observed that £,,, and &5,, decrease with X, the dis-
tance from the midpoint of the shell, with both strains exhibiting
maximum values at point A’ for impact on A (X = 0). This ties in
with the fact that point A’ is farthest from the two supported edges
and therefore has the greatest structural compliance. It is also ob-
served that ¢,,, decreases with X much more rapidly than ¢, does.
The maximum longitudinal strain at D’ arising from impact on D’ is
67% of the maximum value at point A’ for impact on A. However, the
corresponding maximum circumferential strain at D' is only 25%
of the value at A’. This is explained by the fact that at the cylin-
der edge the simply supported boundary condition requires zero
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Fig. 9 Longitudinal and circumferential strains at point C’ (X = 60,
® =0,Z = —h/2) for impact on point C (X = 60,0 = 0,Z = h/2):

————— , experiment and ——, theory.
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Fig. 10 Longitudinal and circumferential strains at point D’ (X = 90,
© = 0,Z = —h/2) for impact on point D (X = 90,0 = 0,Z = h/2):
————— , experiment and —, theory.

displacement in the circumferential direction but allows displace-
ment in the longitudinal direction; therefore, the effect of boundary
restraint on circumferential stiffness is comparatively larger. This
means that near the edges a cylinder exhibits a higher stiffness in
the circumferential direction because of end restraints.

C. Strain Distributions During Impact

Longitudinal strain distributions along the inner surface of the
shell (for central and noncentral impact) were calculated using
Egs. (21a) and (21b). Figure 12 shows longitudinal strain distribu-
tions along the X direction at four instants of time during loading.
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At each instant, four strain distributions are plotted, one each for
impact at points A, B, C, and D. Inspection of Fig. 12 shows that
if the strain distributions corresponding to noncentral impact are
shifted to the left, such that the respective points of impact are su-
perimposed onto the center of the cylinder (X = 0), all of the strain
distributions exhibit a similar profile. Tensile strains initiate, respec-
tively, at points A’, B/, C’, and D' (behind the impact points A, B, C,
and D) and are concentrated around these points. The strains decay
rapidly with distance from the respective impact points and become
compressive. As time increases, tensile strains around the impact
points increase in magnitude. An examination of the longitudinal
strain distributions along the X direction shows again that no mat-
ter where the shell is impacted, the maximum strain occurs at the
impact point.

Figure 13 shows circumferential strain distributions along the &
direction for four instants of time during loading by central im-
pact (point A). The distribution of circumferential strains in the
© direction differs slightly from that of longitudinal strains in the
X direction. The area of compressive circumferential strain closest
to the impact center (5 < ® < 20 deg) is larger than that of tensile
circumferential strain around the impact center (0 < ® < 5 deg);
the magnitude of the maximum compressive strain at ® =~ 13 deg is
only slightly less than that of the maximum tensile strain at point A’
(® = 0). These characteristics of the compressive strains in the re-
gion 5 < @ < 20 deg arise from curvature [1/R = (1/0.108)m™!]
in the ® direction, which promotes circumferential compression.
However, the maximum circumferential strain is still tensile and lo-
cated at point A’ (X =0, ® = 0, Z = —h/2); therefore, transverse
cracks are most likely to be generated in the innermost lamina at the
epicenter of the impact.

V. Conclusions

The present analysis facilitates investigation of the transient dy-
namic response of crossply laminated cylindrical shells impacted
by a solid striker with a low velocity at any location. It was em-
ployed to examine strains induced in the case of a unidirectional
laminated cylindrical shell under central and noncentral impact. An
experimental study of impact on the shell was also conducted. Re-
sults obtained show that the maximum strains occur during contact
(0 <t < T). With respect to strain distributions, it is found that no
matter where a cylindrical shell is impacted, the maximum longitu-
dinal and circumferential strains occur at (behind) the impact point;
for a given impact, the maximum strains are largest for impact at the
center of the shell. The results also show that the history and loca-
tion of the contact force and their relationship to strain magnitudes
facilitate determination of the occurrence and location of maximum
strains in an impacted shell.

Appendix: Definitions of Operators and Coefficients
The differential operators L;; in Eq. (2) are
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where the laminate stiffness constants A;;, B;;, Dy;, E;;, F;, and
H;; are given by
Tk
k
(Aij, Bij, Dy, Eyj, Fy, Hy) = Z/ 070, 2,2,2%, 2", %) dz
Zk 1

(A2)

where (i, j = 1,2,4,5,6) and Q(j‘) are the transformed stiffness
constants in the shell coordinate system, and the inertia factors
I; and 1’ are defined by Ref. 9.

The coefﬁc1ents T;; in Eq. (10) are
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